In this paper we study a class of new Generalized Fractional Advection-Diffusion Equations (GFADEs) with a new Generalized Fractional Derivative (GFD) proposed last year. The new GFD is defined in the Caputo sense using a weight function and a scale function. The GFADE is discussed in a bounded domain, and numerical solutions for two examples consisting of a linear and a nonlinear GFADE are obtained using an implicit finite difference approach. The stability of the numerical scheme is investigated, and the order of convergence is estimated numerically. Numerical results illustrate that the finite difference scheme is simple and effective for solving the GFADEs. We investigate the influence of weight and scale functions on the diffusion of GFADEs. Linear and nonlinear stretching and contracting functions are considered. It is found that an increasing weight function increases the rate of diffusion, and a scale function can stretch or contract the diffusion on the time domain. 
Introduction
Advection-diffusion equations arise in many physical processes. For instance, transport occurs in fluids through a combination of advection and diffusion [1] . These equations are widely used to model a range of problems in physical, chemical, and biological sciences involving dis-persion or diffusion, such as describing a probability function for the location of particles in a continuum [2, 3] , flow in porous media [4] , modeling of suspended sediments [5] , chemical transport [6] , water dynamics [7] , reaction enhancement by chemotaxis [8] , and evolution of populations [9] . A variation of advection-diffusion equations, called reaction diffusion equations, can also be applied in a variety of biological applications and modeling certain chemical reactions (see [10, 11] ). It is necessary to find numerical solutions of these advection-diffusion equations to study their behavior, since the exact solutions in most cases are not available. Finite difference schemes have been devel-oped for advection-diffusion equations, e.g., see [12] [13] [14] and references therein. For a review of other analytical and numerical methods, we refer the readers to [14] [15] [16] [17] [18] [19] [20] [21] and references cited therein.
In recent years, fractional advection-diffusion equations have been proposed and investigated because these equations model the influence of history on the process, and as such they provide more accurate models of the systems. Fractional advection-diffusion equations are obtained by replacing integer order integrals and derivatives with fractional integrals and derivatives. The subject that deals with fractional integrals and derivatives is known as Fractional Calculus. It has a long history, and in the last four decades, major progress has been made on this subject. Fractional Calculus has now been applied to all fields of science, engineering and applied mathematics. For readers interested in this field, we refer to the monographes [22] [23] [24] for a comprehensive review of this subject.
In this paper, we define a new generalized fractional advection-diffusion equations using a class of new generalized fractional integrals and derivatives proposed in [25] . The new generalized fractional advection-diffusion equations are more attractive over the other fractional advection-diffusion equations for three main reasons. First, the new generalized fractional integrals and generalized fractional derivatives are defined using a weight function ( ) and a scale function ( ). By selecting different weight and scale functions, one can obtain different generalized fractional integrals, generalized fractional derivatives and different fractional advectiondiffusion equations proposed in the literature. Thus, the generalized fractional advection-diffusion equation proposed here provides a generalized model of a fractional advection-diffusion process whereas the other fractional advection-diffusion equations provide only specific models of the process. Second, a weight function extends the kernel in fractional operators and allows a greater degree of flexibility in modeling. For example, modeling of memory of some diffusion processes may require a heavy weight at current time point, whereas other diffusion processes may require more weight on the past events. A weight function can help in such tasks. Third, scale functions may allow the response domains to be scaled differently. In typical cases, simulation results are presented for only a few seconds to reduce the computational time. However, in many applications, the desired results may be of interest for several decades of simulation time. On the other hand, in other applications the event of interest may take place only for a micro or nano-seconds. In such applications, time stretching or compression may be necessary to capture the desired phenomena accurately. Scale functions could be useful in those applications. This paper also provides an implicit finite difference based numerical scheme to solve the generalized fractional advection-diffusion equations. We examine the stability and convergence of the numerical scheme, and estimate the order of the convergence numerically. In addition, we examine the influence of weight and scale functions on the response of the generalized fractional advection-diffusion equation. Recently, the numerical solutions of fractional advection-diffusion equations were studied in [26] [27] [28] [29] , but there is no work on the discussion of generalized fractional advection-diffusion equations nowadays. The rest of the paper is organized as follows: In Section 2, we introduce the preliminaries on fractional calculus and give some of their properties. The generalized fractional derivative is also shown. In Section 3, we introduce the generalized fractional advection-diffusion equation, present an implicit finite difference method to solve it, and verify the stability of the numerical scheme. In Section 4, we present numerical results for linear and nonlinear generalized fractional advection-diffusion equations with variable coefficients, and investigate the influence of different weight and scale functions on the diffusion process. We present our conclusions in Section 5. Finally, we present an analytical solution for a generalized fractional advection-diffusion equation with constant coefficients.
Mathematical background of fractional calculus
Some definitions of fractional calculus and their properties are introduced below. Further details on these definitions could be found in [22] [23] [24] .
Definition 1.
The Riemann-Liouville fractional integral of a function is defined as
provided the right side is finite, where α is the order of integral. Particularly, if α = 0, then we have I 0 ( ) = ( ).
The Riemann-Liouville fractional integral operator satisfies the semigroup property [23, Chapter 2] . By combining it with classical derivatives of different orders, one obtains two kinds of fractional derivatives, namely the RiemannLiouville and the Caputo fractional derivatives. These derivatives are defined as follows [23] :
Definition 2.
The Riemann-Liouville fractional derivative of a function is defined as
provided the right side is finite, where α is the order of derivative, and is a positive integer such that − 1 ≤ α < .
Definition 3.
The Caputo fractional derivative of of order α is defined as
provided the right side is finite, where is a positive integer such that − 1 ≤ α < .
Remark 4.
There are several other types of fractional derivatives, including the Erdélyi-Kober, Hadamard, Grünwald-Letnikov and Riesz derivatives. The fractional advection-diffusion equations could be defined in terms of these derivatives. The derivatives defined in Eqs. (2) and (3) are actually the left-sided Riemann-Liouville derivative and the left-sided Caputo derivative, respectively. Since, we are concerned with only the left-sided fractional derivatives, we do not use the phrase "left-sided", and it is implicitly assumed that our fractional derivatives are "left-sided".
We now introduce the generalized fractional integrals and generalized fractional derivatives proposed in [25] and discuss some of their properties, including semigroup property. Other properties, such as integration by parts formulae, and the application to Burgers equation of these generalized fractional integrals and generalized fractional derivatives could be found in [25, 30, 31] . Note that the generalized fractional integrals include both the left-and the right-sided fractional integrals, and the generalized fractional derivatives include the left-and the right-sided Riemann-Liouville and Caputo fractional derivatives. We discuss only the left-sided integral and derivatives. The generalized fractional integrals and generalized fractional derivatives will be used to define a new generalized partial fractional derivative in the next section.
We begin with the generalized fractional integrals.
Definition 5.
( [25] ) Left/forward generalized fractional integral of order α > 0 of a function ( ) is defined as
provided the integral exists.
Theorem 6.
The new generalized fractional integral defined in Eq. (4) has the following properties:
( 
This completes the proof.
Definition 7.
( [25] ) Left/forward generalized derivative of order 1 of a function ( ) with respect to a scale function ( ) and a weight function ( ) is defined as
provided the right-side of the equation is finite, where D is the classical first-order derivative with respect to .
Definition 8.
( [25] ) Left/forward generalized fractional derivative of order of a function ( ) is defined as
provided the right-side of the equation is finite, where is a positive integer and D is the classical first-order derivative with respect to .
Definition 9.
( [25] ) Left/forward generalized fractional derivative of order α > 0 and type 1 of a function ( ) is defined as
provided the right-side of the equation is finite, where − 1 ≤ α < , and is a positive integer.
Definition 10.
( [25] ) Left/forward generalized fractional derivative of order α > 0 and type 2 of a function ( ) is defined as
The fractional derivative of type 1 is generalized from the Riemann-Liouville type, while that of type 2 is generalized from the Caputo type. We will call them generalized Riemann-Liouville type and generalized Caputo type fractional derivatives. In this paper, we use generalized Caputo type fractional derivatives. The main advantage of these types of derivatives is that they require ordinary initial and boundary conditions. In all the above definitions, we assume that the weight function ( ) and scale function ( ) are "sufficiently good" such that the integrals and derivatives in definitions are finite.
Theorem 11.
For = 1, i.e. 0 < α < 1, the new generalized fractional derivative defined in Eq. (8) has the following properties: [ 2] [ ( )] −1 = 0 (i.e. type 2 derivative of reciprocal of the weight function is 0),
Proof. With direct calculation, we have
Remark 12.
At this stage, we would like to make the following remarks:
(1) The fractional operators have memory property. The kernels used in these operators become unbounded at the current state, and they remain bounded away from the current state. This means the regular fractional operators put more weight on current state and less weight on the past state. A weight function can alter and extend this property. When the weight function is restricted to be a nonzero constant, for example, ( ) = 1, the generalized fractional derivatives degenerate to classical fractional operators. When a weight function is monotone increasing, it enhances the memory property of the operators. In contrast, when the weight function is monotone decreasing, it counteracts to the memory property, and it can even destroy the memory property. Therefore, the generalized fractional derivatives can express a new type of memory property.
(2) In the majority of applications, scaling is not a major issue. However, in some applications, scaling of different regions differently may be important. A strictly monotone increasing scale function maps a bounded domain [ 1 2 ] into a domain [ ( 1 ) ( 2 )]. Similarly, a strictly monotone decreasing scale function does the opposite. By employing different types of scale function, different regions of the process can be enhanced.
We now present a new generalized fractional advectiondiffusion equation in terms of generalized fractional derivatives defined above and a numerical scheme to solve it.
Generalized fractional advectiondiffusion: model, numerical method, and stability analysis
In this section, we propose the generalized fractional advection-diffusion equation, and then discuss the numerical scheme for solving this equation and its stability.
Generalized fractional advectiondiffusion equation
A standard advection-diffusion equation is given as
The functions and the parameters used in this equation will be described shortly. Some of the recent research work on the advection-diffusion equations can be seen in [14, [32] [33] [34] and related references therein. We won't introduce advection-diffusion equations in depth mainly because of the fact the generalized fractional advectiondiffusion equation is studied in this paper. A fractional advection-diffusion equation is obtained by replacing the integer order space and/or time derivative terms in Eq. (9) with their fractional counter parts (see more examples in [35] ). However, in the rest of the paper, we define the fractional advection-diffusion equation by replacing the integer order partial time derivative term in Eq. (9) with the generalized fractional order partial time derivative term defined below,
We assume that for 0 ≤ α < 1 and > 0, the right side of Eq. (10) is finite.
Replacing the time derivative term in Eq. (9) with
where parameters 0 < α < 1 and ν > 0 are real numbers, and ( ) is the source term. When Eq. (11) is used to describe solute transports in aquifers, function represents the solute concentration, and parameters and ν represent the average fluid velocity and the dispersion coefficient, respectively. Note that we have considered ( ) to be space and time dependent. This permits the velocity to vary over the space and time domains, which could be important in many applications. One may also have 1 < α < 2. However, in that case, Eq. (11) represents a diffusion-wave equation, which is not considered here. We call Eq. (11) as the generalized fractional advection-diffusion equation, because the weight and the scale functions can be selected differently to obtain other definitions of fractional derivatives. In order to solve Eq. (11), we also need terminal and initial conditions. In this paper, we consider the following initial and boundary conditions,
Equation (11) together with conditions (12) is our new generalized fractional advection-diffusion model. A numerical scheme to solve this problem is discussed next.
Numerical scheme for the generalized fractional advection-diffusion equation
To solve Eqs. (11) and (12) 
The classic first-and second-order derivatives in Eq. (11) can be approximated by a finite difference scheme as
Substituting Eqs. (13) and (14) into Eq. (11), we have
for 0 ≤ ≤ M − 1 and 1 ≤ ≤ N − 1, where 
for computing +1 , = 1 · · · M − 1. Using = + A + 2L, we can rewrite Eq. (15) in a compact form as
where
We can easily check that the coefficients and have the following properties:
Lemma 13.
Suppose that 0 < α < 1, and the scale function ( ) is non-negative and strictly monotone increasing, and the weight function ( ) is positive and monotone increasing. Under these conditions, the following conclusions hold:
• ( 
Remark 14.
The approximate scheme of ∂ ( +1 ) ∂ in Eq. (14) is named backward difference scheme. Term ∂ ( +1 ) ∂ could be approximated using several schemes three of which are given as Forward difference scheme:
Long centered scheme:
Selecting one of the above approximate schemes, we can obtain a different finite difference scheme similar to Eq. (15) . In this paper, we will adopt the backward difference scheme shown in Eq. (14).
Stability and convergence analysis of the numerical scheme
To study the stability and convergence of the finite difference method of Eq. (11), the following theorem is necessary.
Theorem 15.
(Lax-Richtmyer theorem, see [13] ) If the linear differential equation (11) is well-posed and the finite difference method is consistent, then the finite difference method is convergent, if and only if, it is stable.
For stability analysis of the numerical scheme (15), we have the following stability theorem.
Theorem 16.
Suppose that the scale function ( ) is monotone increasing and positive, weight ( ) is nondecreasing and positive, then the full discretization scheme (15) is stable, and hence it is convergent.
Proof.
To study the stability of the numerical method (15) , it is suffice to prove the stability of its homogeneous iteration scheme, i.e., the stability is independent of rightside function ( ). Thus we take the solution of the form +1 = ξ +1 , = √ −1 (we note that only in this proof, depicts the unit of complex number.), is a real number, 1 ≤ ≤ N−1. Hence the homogeneous iteration scheme of Eq. (15) becomes
Simplifying and grouping similar terms yield
Since the real part of A ξ +1 (1 − − ) is nonnegative, then from Eq. (19), we have
According to Lemma 
Moreover, again by Eq. (20), we deduce that
since each term in summation is nonnegative. This implies 
Numerical experiments
In this section, we present numerical results to verify the stability of the numerical scheme and to study the influ-ence of different parameters and weight and scale functions on the advection-diffusion process.
Stability of the numerical scheme and influence of different parameters on diffusion process
To examine the stability of the finite difference method in solving generalized fractional advection-diffusion equations and to study the influence different parameters on a diffusion process, we consider two examples. In the first example, by comparing the analytical and the numerical solutions, the finite difference method is verified to be stable and convergent. The convergent order is estimated numerically by solving generalized fractional advectiondiffusion equation with different step sizes. In the second example, we solve generalized fractional advectiondiffusion equation with different fractional orders, coefficients, and initial conditions to show the influence of these parameters on the diffusion process.
Example 17.
Consider the following generalized fractional advectiondiffusion equation: Figure 1 . To illustrate the difference between the exact and numerical solutions, the errors on the whole domain are plotted in Figure 2 . To study the convergent order of the numerical scheme, we solve equation (23) with different step sizes, then the convergent order is evaluated numerically. The maximum absolute errors and convergent order are shown in Table 1 . Results of this example demonstrate that the numerical scheme is stable. We observe that the convergent order goes to one as the step sizes reduce, which suggests that our numerical scheme is a first-order scheme. Figure 2 shows absolute errors at different space and time locations for step sizes of ∆ = ∆ = 0 01 and ∆ = ∆ = 0 001. Figure 2(a) shows that for ∆ = ∆ = 0 01, the error plot is not symmetric about = 0 5 even though the problem is symmetric about = 0 5. However, when the step sizes are reduced to ∆ = ∆ = 0 001, the error plot becomes symmetric about = 0 5, which is consistent with the intuition. The following is a possible explanation for this effect. The computation proceeds from = 0 to = 1. Large step sizes lead to large errors in the response which propagates from = 0 to = 1, making error plots to asymmetric. As step sizes reduce, the errors reduce, and the error plot becomes symmetric about = 0 5. / log(2) ( ) = 0 2 , ν = 1, ( ) = exp(0 55 ), and ( ) = 1 58 . The initial condition is specified as ( 0) = sin(π ). Equation 23 cannot be solved analytically for these settings. However, the numerical solution can be obtained by the finite difference method. To demonstrate the effectiveness of our method, we select different step sizes, i.e., ∆ = ∆ = 0 1 and ∆ = ∆ = 0 01. The surface plots of numerical solutions are shown Figure 3 , where we observe that as the step sizes reduced, the shape of numerical solution becomes smooth. This indicates that our numerical method is stable and convergent for the generalized fractional advection-diffusion equations with general weight and scale functions. Next, we consider a more complex example with nonlinear variable coefficients and nonzero source function.
Example 18.
As a second example, consider the following generalized fractional advection-diffusion equation:
For this example, we take ( ) = exp(0 2 + 0 25 ), ( ) = 4 and ( ) = exp(− 2 − 2 ), and fix the step sizes to ∆ = ∆ = 0 005. This example is considered to discuss numerical solutions of Eq. (24) for different initial conditions, parameters and coefficients. Therefore, for numerical experimentations, we solve the example for various initial distribution of ( ) and for different values of parameters and coefficients. Numerical results for some of these functions, parameters and coefficients are shown in From Figure 4 , the following observations could be made:
• All figures show one common behavior: As the time progresses, the responses diffuse. This is expected because the generalized fractional advection-diffusion equation considered behaves as a diffusion equation.
• Figures 4(a) and 4(b) show responses for a periodic and an aperiodic initial conditions. From these figures, we observe that for periodic initial conditions, as the diffusion progresses, the initial shape of response ( ) is maintained, and if initially at point the function value is 0, i.e. if ( 0) = 0, then this continues at later time point too, i.e. ( ) = 0 for all . This is not true for an aperiodic initial condition.
• From Figures 4(a) and 4(c) , we see that when the order of fractional derivative is reduced, the response diffuses faster. This diffusion is predominant near = 0. The detailed diffusion can be seen in Figure 4 (e).
• Comparing Figure 4 (a) to 4(d), we observe that increase in the amplitude of the coefficient function ( ) alters the diffusion process significantly. To understand this, we examine the closed form solution for constant given in the appendix. Note that as increases, λ in Eq. (A.9) increases, and as a result, the rate of diffusion also increases. In addition, increase in causes increase in the amplitude of the response, and this increase is larger for larger . Thus, if ( ) is increased from 10( 2 + 2 ) to 50( 2 + 2 ), one can expect the rate of diffusion to increase, and at the same time, one can also expect the amplitude to increase even more at a large value of . This is exactly what is observed from Figures 4(a) and 4(d).
Influence of weight function ( ) on diffusion process
To study the influence of weight function ( ) on the diffusion process, we take α = 0 95, ( ) = + + 10 (25) and the weight functions ( ) = exp( ), exp(2 ), exp (4 ) and exp(−3 ). Results for these functions and parameters are displayed in Figure 5 . The plots in Figure 5 suggest that weight functions inversely effect the response, i.e. increasing weight functions cause the response to decay faster, and the decreasing weight function causes diffusion to slow down (see Figures 5(a) to 5(c) ). Further, if the rate of decay of the weight function is faster than the rate of diffusion, the response grows (see Figure 5(d) ). This is consistent with the analytical results for constant coefficients given in the appendix.
Influence of scale function ( ) on diffusion process
For this study, we divide the scale functions into two classes: the stretching and the contracting functions. All scale functions considered here are nonnegative monotonic increasing functions. This is mainly because of the variable is understood as time. We can consider other types of scale functions. The basic property of the scale function is to modify the time domain. For instance, if we select ( ) = − and ( ) = constant = 0, then the diffusion process is reflected and shown over a symmetric domain.
Conclusions
In this work, we have successfully applied the finite difference method for numerical solutions of a class of timefractional advection-diffusion equations with new generalized fractional derivative. The generalized fractional derivative is defined in the Caputo sense and it depends on a weight function ( ) and a scale function ( ). We considered the velocity parameter ( ) to be space and time dependent. This permitted the velocity to vary over the space and time domains which could be important in many applications.
We proved the stability and convergence of the numerical method. Numerical experiments demonstrated that the finite difference scheme is an accurate and efficient approach for solutions of such types of time-fractional advection-diffusion equations. We examined the influence of the order of the derivative α, the coefficient function ( ) and the initial condition ( 0) on diffusion processes. Results showed that when α decreases, the rate of diffusion increases. When the initial condition is given by a centrosymmetric function, the zero points in the space domain remain at zero during the diffusion process. This is not true for other initial conditions.
We investigated the influence of the weight and scale functions on the diffusion process of generalized fractional advection-diffusion equation. We found that when the weight function ( ) is positive increasing, its effect on the response of the system is coincident with the short memory property of fractional operators. Further, an increasing weight function accelerates the diffusion process. Linear and nonlinear monotonic increasing scale functions were also considered. It was found that the contracting (resp. stretching) scale function can stretch (resp. contract) the diffusion. We also found that our numerical and theoretical results are consistent. 
Taking µ = 3, the comparison of numerical and analytical solutions are shown in Figure 7 . For plotting purpose, we use the definition of the Mittag-Leffler function, and the first 300 terms of the series to compute the function. From this figure, we observe that the numerical solution matches the analytical solution perfectly. This demonstrates that our numerical method is also valid for nonlinear scale functions. 
